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We show that if a pairwise balanced design with I= 1 has u objects and block 
sizes between 2 and II - 2, and it is not a symmetric balanced design, then each of 
its largest blocks has a nonempty intersection with at least u other blocks. 01985 
Academic Press. Inc 
A pairwise balanced design with 1= 1 (from here on simply PBD) is a 
pair (X, F), where X= {Xi; i= 1, 2 ,..., u} is a set of objects and F= (B,; 
i= 1,2,..., b) is a family of subsets (called blocks) of X so that every pair of 
distinct objects occurs in exactly one of the blocks and every block con- 
tains at least two objects. 
Remark 1. It is clear from the definition that no block may occur more 
than once in the family F and that no two distinct blocks may have more 
than one object in common. 
A PBD with a block of size v is called a trivial PBD. A PBD with a 
block of size u - 1 will be called an almost trivial PBD. It is easy to see that 
an almost trivial PBD comprises exactly u blocks; a block of size u - 1 and 
v - 1 blocks of size 2. A PBD in which u = b and all blocks have size k for 
some k > 2 is called a symmetric balanced design. It is well known that in a 
symmetric balanced design u = b = k(k - 1) + 1. 
A THEOREM ON THE LARGEST BLOCKS OF A PBD 
THEOREM. In a nontrivial PBD with u objects every largest block inter- 
sects at least u other blocks unless the PBD is a symmetric balanced design 
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or cm almost triviul design. In these tM*o c~xceptional cases every block inter- 
sects exactly II - 1 other blocks. 
Proof: Let (X, F) be a nontrivial PBD. Without loss of generality 
assume that X= { 1, 2 ,..., u > and that B = { I, 2 ,.,,, k} is a largest block in I; 
so that 
where ri stands for the number of blocks containing object i of X. 
Remark 2. Since (X, F) is nontrivial, only k > 2 and r > 2 will be 
considered. We index the ri blocks containing object i E B as B,x,, 
j = 0, l,..., ri - 1 so that Bi,” = B. 
Remark 3. The blocks BiJ, i = l,..., k, and j = l,.., r, - 1, are distinct. (If 
i # m, j # 0, and n # 0 then the blocks B and B,, have object i in common, 
the blocks B and B,,, have object m in common, hence Bij = B,,, would 
imply that i and m are members of both B and II,,, contrary to the 
definition of a PBD.) 
By Remark 3, the number of distinct blocks (other than B) that have a 
nonempty intersection with B is given by Ct (r, - 1). We assume that 
V-l $(I,-1) (2) 
and then show that this assumption leads to a symmetric balanced design 
or to an almost trivial design with equality holding in (2). 
By Remark 1, the sets Bi,j- {i), ,j= l,..., r, - 1, partition X- B for each 
iEB so that 
v-k = 1 WqjI -  1)  for all i in B. (3) 
,=I 
By Remarks 1 and 3, if i # m then for any j in { l,..., ri - 11, at most one 
member of Bjj- {i} may appear in B,,n - {m} for any n in (l,..., r,,, - 1 }, 
requiring that sup{ IBi,jI;,j~ { l,..., r, - 1 } ‘, < inf{ r,; m E { l,..., k} and m # i) 
for all i in B. In particular, reflecting on (1) we may infer that 
lBi,jl G r for i= 2 ,..., k and,j= l,..., ri- 1, 
(4) and 
lBljl G t-2 for j= l,..., r - 1. 
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Combining (Z), (1 ), k 2 IB,,(, and (3) we get 
tl-I>‘&-l)>k(r-l)+(k-I)(r,-r) 
2k(r-l)=(r-l)(k-l)+r-1 
r-l 
3 1 (jB,jJ-l)+r-l=v-k+u-l. 
Comparing the distance between the first and the last terms with the dis- 
tance between the 3rd and the 4th terms in (5) we observe that 0~ 
(k - 1 )( r2 - r) 6 k - r, yielding 
k>r and r=rz. (6) 
(Note that r2 > r would imply k - 1 6 (k - l)(r* - r) 6 k - r 6 k - 2, a con- 
tradiction,) Next we sum (3) for i= l,..., k, making use of (4) and the fact 
that r2 = r, to get 
k(u-k)= C ‘z (IBJ-1)~ C ‘C (r-l) 
i=l j=l I=1 j=l 
=i (ri- l)(r- 1). (7) 
From (2) and (7) we deduce that 
u- 1 >f (ri- l)>k(v--k)/(r- 1). 
1 
From the first and the last terms in (8) by rearrangement we arrive at 
u-l<k(k-l)/(k-r+l). (9) 
Together (5) and (9) imply 
k(r-l)<u-l<k(k-l)/(k-r+l). (10) 
If k = r then equality holds throughout (5). In particular, (2) is satisfied 
with equality, v = k(k - 1) + 1, ri = r and by (3), lBijl = k for i = l,..., k, and 
j = 0, l,..., k - 1. The k(k - 1) + 1 blocks intersecting B account for all 
possible object pairs, hence we have a symmetric balanced design. If k > r 
then (10) forces r = 2 and k = u - 1, hence we have an almost trivial design 
where, by direct observation, every block intersects exactly u - 1 other 
blocks. 
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As an attractive corollary we cite the following theorem by de Bruijn and 
Erdijs [l]: 
If (X, F) is a nontrivial PBD then IFI 2 /XI with equality holding 
only if (X, F) is a symmetric balanced design or an almost trivial design. 
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